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A MEASURE OF SMOOTHNESS RELATED TO THE LAPLACIAN

Z. DITZIAN

ABSTRACT. A K-functionalon f € C (Rd) given by

R(r, &) =inf(|f - gll + lAgl; g € C*(RY))

will be shown to be equivalent to the modulus of smoothness

w(f,t)= sup
0<h<t

d
2df(x) = Y _[f(x + he) + f(x = he))]

i=1

The situation for other Banach spaces of functions on R? will also be resolved.

1. INTRODUCTION

The Laplacian of f(x), x € R® given by

0

was related recently [3] to the discrete Laplacian given by

62
(1.1) Af(x) = xzf) -+3—x§f(X)

(1.2) A, f(x)=2df(x Z f(x+he)+ f(x — hey))

where e, is a fixed given orthonormal base of R . It was shown in [3] that for
C(Rd), Lp(Rd) where 1 < p < oo or Ll(Rd) the inequality

—2~
(1.3) Ih"Afll < M
(where M is independent of 4) is equivalent to the statement: Af exists in
the weak (Sobolev) sense as an element of Loo(Rd) , Lp(Rd) , 1 <p<oo,or

M (Rd) (the space of finite measures) respectively and ||Af]| < M, .

For a space B of functions on R% on which translation is a continuous
isometry, we may define the natural K-functional

~ 2 . 2
(1.4) K(f, )= ;Ielg{llf— gllg +11Agl g}
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408 Z. DITZIAN

where g € S means that ;2 g and (%)2 g exist as strong derivatives in B .

If the space B is continuously imbedded in 2, the space of Schwartz distri-
butions, we define K, (f, 7°) p by replacing S in (1.4) by S*, where S” is the
collection of all g, such that Ag € B and Ag is taken in the weak (distri-
butional) sense. It turns out that K(f, tz) p 1s equivalent to IA("* f, t2) 5 The
main result of the paper is the equivalence of the K-functional K given by
(1.4) with the modulus of smoothness given by

(1.5) @(f, t)g= sup
0<h<t

2df(x Z[fx+he )+ f(x - he))]

i=1

B

for some given orthonormal base {e'i}‘f=1 of R®. That is, it will be shown that

(1.6) a(f, )5~ K(f, 1),
which means N
Cla(f, 05 <K(f, )5 < Calf, ).
Proving (1.6), we see that (1.5) is independent of the orthonormal base {e,.}f=1
For Lp(Rd) the K-functional
L, (R ))

where g has distributional derivatives and ((92 /axiaxj)g € Lp(Rd) was shown
to be equivalent to
(1.8)  &°(f, 1, (R _Osup sup || f(x + he) —2f(x) +f(x—he)||Lp(R4)

= eeRd
lel=1

(see [1, pp. 337-339]). In fact the equivalence between (1.7) and (1.8) is valid
with the same proof if Lp(Rd) is replaced by a Banach space of functions on

2

0
Bxiaxj g

2 . 2
(L.7) Kz(fa t )Lp(Rd) = é%g (”f_ g“Lp(Rd) +t Z
LX)

R? for which transiation is a continuous isometry and S is replaced by the
class of functions for which (62 /0x,0x j)g is a strong derivative in B or when

B c @' by the class of functions g for which the distributional derivative
(62/8xi8xj)g isin B.

We should note that K f, t2 c< &) and K,(f, tZ)C( g¢) are not equivalent,
and also that K (f,t ) L Rd and K,(f,!? ) L, Rd are not equivalent. It is vir-

tually obvious that K (f,t ) and K,(f,!? ) (RY) are equivalent for 1 <

Rd
p < oc. A further relation between K(f,t ) B and K,(f, 12) p» and therefore
between @(f, t), and w* (f, t)g, is that the Besov spaces generated by them

are equivalent. This means that the K-functionals K(f, tz) 5 and K,(f, t2) B
differ only at optimal or near optimal rate.
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As characterization of a given K-functional by the behaviour of the function
is considered quite a basic problem in interpolation of spaces, I hope the present
somewhat combinatorial result will be of interest.

2. SOME INEQUALITIES

Throughout this section we will assume that {e,.};il is a given fixed orthonor-
mal base of R?. We define the operator Ai for v € R®

2.1) Af(x)=fx+v)-2f(x)+ fx—v), AP fx)=A2AY f(x).

A Banach space B of functions or distributions on R? is called translation
invariant if

d
(2.2) I/C+v)llp=If()llp forallveR".
We can now state and prove the following result which will be helpful later.

Theorem 2.1. For a Banach space of functions or distributions on R® which
satisfies (2.2), Aiij given by (2.1) and A, given by (1.2) we have

S 4o +S, =8

) <C(m,ys) Z ||Zk;,f”3

k=1

(2.3) HZAZS‘ By f(%)

where the sum on the left of (2.3) is taken on all possibilities e e such that

e #e for r #s and where e; € {ei}f=l .

Remark. Note that for Zh f to be defined by (1.2) it is sufficient that B is a

Banach space of distribution on R? . Observe that in the sum (2.3) two different
orders of e - are two entries in the sum.

r

Proof. We first prove our theorem for m = 1. We can easily obtain the identity

d s—1 ~
(2.4) Sanf=% (213)(—1)’+‘A(S_,)hf.
i=1 1=0

This will imply (2.3) for m = 1. We can now write the identity

g2) 5 )

e;ée -!

(2.5) rt

=3 2S'fJFZZA“' By S
g gl

i #1, J=11,#,
r;é! r;ét
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Assuming (2.3) for m </ and utilising (2.2), we have

i #,
r;ét
Syt ts
5 ~
SC([-I,S1+"'+SI_1)4Id Z ”Akhf“
k=1
and
) 2 ) , S+ ts,

s s+ S, s, —1 A
ZA | ‘ e B S SCU=1 sk s) D A S
i #i ! k=1
r;ét

which, together with (2.5), implies (2.3) for m=1/. O
We can now prove

Theorem 2.2. For a Banach space B of functions or distributions on R® satis-
fying (2.2) and f € B we have

d
(2.6) 185 Sl < Cd) Y 184 N5

k=1
for i=1,
Proof. We may assume with no loss of generality that i = 1. We now write
d
AheI Z he, (Z Ahe) = A:e, + Aie, ZAfxe,
2 2 I=22
= Ahe, + ZAhe,Ahe, > By, Be, -

i#] i#j
i, j#1
Using
2 ~ ~
185 Ap S1l < 4114, 1]
and
2 2 ~ ~

> Ay Ay, ]| < CIA, 1+ 18, 11D,

i#]
we have

2
4 2 .2 ~
Bpe S = D2 BheBie [ < CL2ID_IALS
'i#;él =1
)

Asfor d =2,theset i # j and i, j # 1 is empty, (2.6) is proved for d = 2.
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We continue and show by induction that

(2.7) A f+ (-1 Ahe Ahe fll < e k)ZHA,th

i #i, =1
r;ét
i #1
One can operate on the expression inside the norm on the left of (2.7) to
obtain
2,2 k-1 2
Ahel (Ahel )f + (_ ) Ahe Z Ahe e Aheikf
I#
r;ét
i #1
2(k+l 2 k 1 2
ZAhe 'Ahe, f+ ZAhe '”Aei
l#l +1 ) l#l k+1
r;ét r#t

L #1
As (2.3) implies

k+1
2 ~
> 4, i, S| <¢ (X))
i #, ' =1

r;ét

we have (2.7) for k + 1. For k =d the sum
A2
Z Ahe ’ he
i #,

r;ét
i #1

is a sum on an empty set, and our theorem is proved. O

We will now obtain an estimate which, while as stated will be a multivariate
result, is in fact a result about functions of one variable.
A Banach space of functions on R? is called strongly continuous if

(2.8) |f(-+he) = f()llg =o0(1), h — 0 for all unit vectors e in R”.

Theorem 2.3. Suppose B is a Banach space of functions on R? Sor which trans-
lation is a strongly continuous isometry, that is (2.2) and (2.8) are satisfied. Then
for 0 < u <t wecan find a,(y) (v € R) fixed even polynomials of degree 2i
such that

k=1

Zai (%) Arzeff - Aief

i=1

(2.9)

2k
<M sup ”A;,ef”B'
B O0<h<t

Proof. We define
F(s)=(f(-+se), g()) forgeB", seR,
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where B” is the dual space to B. Obviously, F(s) € C(R). We first show that
(2.9) for F, that is,

kz—:la,. (5)ArF-aF

(2.10)

2%k
<M sup ”Ah F”C(R)
C(R) 0<h<t
implies (2.9) in general. Of course, when we deal with F(s) which is a function
on C(R), we may write Af rather than Afe with e the unit vectorin R = R' .
We choose g such that ||g||,. =1 to obtain
il U\ \2i 2 = U\ L2i 2

1 1
Yo (2)AFO) -8 F(0) | < 1Yo, (5) AT - ALF

—1

i=

<

C(R)
<M sup A F e < M sup [[A7 S]], -
0<h<t 0<h<t

We can now choose a g (of those that satisfy ||g||;. = 1) that depends on
u,t, f and € > 0 such that

k-1

Zai (%) Af:f - Aflef

i=1

-&<

ki‘l o (%) AYF(0) - AﬁF(0)|

i=1

B
2k
<M sup |4, fliz,
0<h<t

and as ¢ is arbitrary, we complete the proof of (2.9) given (2.10). In fact, we
established that the present result is essentially about functions on R.
We now construct o, such that the operator

k=1 4
(2.11) 0= o (5)a -4

i=1

annihilates polynomials of degree 2k — 1. It is easy to see, and probably helpful
in understanding the direction of the proof, that o (u/t) = u? /t2 and that
(u2 / tZ)A,2 - Aﬁ annihilates polynomials of degree 3. The construction follows
by induction. We assume that we have constructed for i < / even polynomials
of degree 2i, «;(y) so that O, ,, annilhilates polynomials of degree 2/ 1.
As Afl also annihilates polynomials of degree 2/ — 1, we construct o;(y) so
that at x =0 we have

o (3)alx" =, (3) @0 = -0, , X"

As O, , annihilates polynomials of degrees 2/ — 1, it is sufficient to calculate
0 2

tou,l

(x —a)

2 2 = u L (20 r. al 2
-0, , ;x" =2u —2Zai(7){z<r)(—l)(t—r) }z )
i=1 0

at a or OW, ,x21 at 0 (which is equal), and therefore,

r=
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As (%) is —,—0 u,,x it is even polynomial in (¥) of degree 2/, and in fact

we can eﬁ‘ecuvely estimate its coefficients. We have now shown that 0, 4]
20+1

annihilates polynomials of degree 2/. As O at a is equal

tu,l+1
to zero for all a, and as polynomials can be expanded in (x — a)’, we have
constructed o; as desired.

We now recall (see [1, p. 339, Theorem 4.12] for instance) that for any
function F € C(R) we can find a function G, such that szk_” € A.C

(2k)
G eL

(x —a)

‘loc ?

2k
F-G <A sup |A;F
IF = Gllcury < 4 53 14 Fllia

and 2%k (k) 2%
G, < Sup. IIAh Fllew -

As the operator O, u.k is linear, we can estimate it separately on F — G,
and G,. The estlmate of 0, ,+(F-G) is trivial since O, k18 bounded

The estlmate of 0, ,,G, follows from Taylor’s formula, the annihilation of
(x - ) for j < 2k and easy computation on the remainder. O

In fact, we can prove an analogue of Theorem 2.3 for a Banach space of
distribution (generalized functions) on R? , that is a space B ¢ @' (where 2’
is the Schwartz space of distributions) such that B is continuously imbedded
in 2.

Theorem 2.4. Suppose B is a Banach space of distributions which is strongly,

weakly or weakly* continuous and on which translations are isometries. Then
for the o,(y) (v € R) of Theorem 2.3, (2.9) is valid.

Proof. We recall that B is weakly continuous if

(2.12)  (f(-+v) = f(), g(-)y = o(1), |v| - 0 forall f € Band g € B
and weakly* continuous if B = X" and

(2.12)" (f(-+v) = f(), g)) = o(1), || >0 forall fe Band ge X.

We now define F(s) as in Theorem 2.3 for B which is strongly or weakly
continuous and by

F(s)=(f(-+se), g()) forge X, feBwhere B=X"
for B which is weakly* continuous. We now follow the first part of the proof

of Theorem 2.3 to show that (2.10) is sufficient for our result. The assertion
(2.10) was proved while proving Theorem 2.3. O

3. THE UPPER ESTIMATE
We recall the definition K(f, 1) p and 12*( 1, 5. The K-functional
K(f, t2)B is given by
~ 2 . 2
K(f, )= ;gg(llf— gllp + 1 llAgl)
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where S is the class of elements of B for which the strong first two derivatives
exist and are in B. The K-functional I?*( f, t2) p is defined for B ¢ @'
(B is continuously imbedded in the Schwartz space of distributions 2') with
S* replacing S, and S™ is the class of elements of 2’ for which the weak
Laplacian belongs to B. We note that it is possible that K(f, 7 )= 0(t2 ) and
at the same time (0 /c’)xl.)2 f isnotin B or does not exist even locally.

Theorem 3.1. Suppose f € B, translations on B are isometries and the expres-
sions K(f, t2)B and @(f,t), are given by (1.4) and (1.5) respectively. Then

we have for a Banach space B over R® for which translations are strongly con-
tinuous

(3.1) R(f, )< Caf, ).

If BC @' and translations on B are strongly, weakly or weakly* continuous,
then

(3.1)’ K,(f.£)p<Calf, 0.
Proof. Using the definitions of K(f, t*) and I?*( .,
(3.2)

R(f, @) <d’K(f, 1), and R, (f, (a)’) <d’R (f, ) fora>1.
As d 1is a fixed finite integer, it is sufficient to prove
33)  K(f, )< Ca(f,td) and K.(f,1)<Ca(f,td").

To prove (3.3) we construct the function

(3. 4)
—t_Zd/ fx+(u tuy)ey o+ (Uy g F Uy )e)du, - du,,
t/2 —t/2
and show that
(3.5) lg, - 1 < Car(f, td)
and
(3.6) lag,)l < Ct 2o S, td?).

In (3.6) Ag, is taken as a sum of strong derivatives for the estimate of

K(f, 2 )p and a weak distributional derivative for the estimate of I?,_( f. 2 ) -
We prove (3.5) first. For 1 </ <d we denote

(3.7)
IS D=1/, e)

12 /2 d
~2d+21-2
t / / f (x + 2y + “21)91'/) diy_,-diyg,

I(f,d+1)= f(x).

~1)2 o
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We may now write

d
&)= F(x) = 1 S U, D~ I(f, 14 1]
' I=1

where the first sum indicates summation on all permutations of e, - --e, . There-
fore, it is sufficient to estimate

forafixed /, 1 </ < d, where the sum is taken on all permutations of e, ---e, .
We can write

I(f, 1) -
I(f, 1+ 1) duy,_, du,,

+

t/2

/0 A“Zl tuye;,
[

(1 ¥y )e, f(x)duy_ duy,
s t/2
S /0 / e, KV = 10 K+ 1) iy diy
k =[+1
_ Z t—2m

Uy Y =t

/ / {ﬁAqu ity )e }f(x)dul-~-du2m.

k=1

2/[/2
0

e [

m=2

* %k 2
X {Z A(u,+uz)ejl '”A(uz,"_,+uz,,,)ejmf(x)} dul ”'duZm
=I+J,

where ) " is the sum on all permutations of {e,}, and 3= is the sum on all
possible collections e, ey such that e, € {e }, (where {e } is the given
permutation) and e ;é e for r #S. The estimate of J is obv1ous For the

estimate of I we w111 need the results in Theorems 2.2 and 2.3.
To estimate I it is clear that we have only to estimate terms of the type

2
(3.8) ZAu+u e, (uzm 1FUy, e f(x)

where the sum is taken on all sequences of m different vectors e e such
1

m

To summarize,

g (x) - Au 4y )f(x)a'u] du,

h

Q..l

that e, € {ei}f.tl and u, satisfy u; >0 and u,; | +u,; <t. We can write the
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expression in (3.8) as
2 2
ZAvlejl ey o f(x)

with 0 < v, < t. Following Theorems 2.3 and 2.4, we have

ZAile, by, f(%)
d—

m 1
mZH( o (%) & -4, ”) fx)
=1 i=1
m d—1
m+lZH a’( )A2l )+R
=1 i=1
=S+L+R

where R is a finite sum of translations of

AT 2
@, <7) Atej, - Av,ej/f(‘x)
i=1
multiplied by finite products of a,(v i /t),and a,(v i /t) are those given in Theo-
rems 2.3 and 2.4, and therefore, bounded for 0 < v ; <t We now use Theorems
2.3, 2.4 and 2.2 to obtain

d, ‘
{z (a2 at, } /

<M, :‘:,p,Z 18, /1l < Mydo(f, 1d) .
k=1

d
‘ < M sup A2 £
0<h<t i
(3.9)

The inequality (3.9) yields the appropriate estimate for S and R.
To estimate L we have to estimate terms like

ZA21, . )

where the sum is taken to all subcollections of different e e and therefore,
using Theorem 2.1,

l+ +l

HZAZ" f||<M = 18]

< M3C7)(f, (d - 1)mt)
<Ma(f,dr).
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To prove the second crucial inequality, i.e. the estimate (3.6), we write
(3.10)

d
t—2 ZA, t—2d+2
i=1
12 12
X / / f X+Z(“21—1 +uyle | duy---duy,_,
—1/2 —1)2 171

xdu2i+1~-~du2d}.

The expression (3.10) for Ag, follows as a strong derivative of g, in case B is
strongly continuous and as a weak (distributional) derivative for B ¢ 9" .
We now follow earlier considerations to obtain

d
-2 2 1 2
=1 ZAwlf(x) EAte
i=1

t/2 t/2
—2d+2
x / / <x+2u2, LUy )e, )
6’ #e 1/2 I/2

xdu---du,,_,— f(x)

where the sum " is taken on all permutations of e f with j # i. The estimate
(3.6) now follows the estimate used for (3.5) with the change that here we have

to estimate ) . )
t ZAtejl A(u,+uz)el2 Tt A(u2m_3+u2m_2)ejm

“Jm Such that e, € {e, }7 , and e; #e,
for r # s rather than (3.8). The fact that the first term is already A does

not make much difference to the proof which follows that of (3.8) but leads to
somewhat smaller bounds. O

for m > 1 and the sum is on all j, --

4. THE LOWER ESTIMATE

We now estimate @ by K or I?‘ to complete the proof of the equivalence
of @ with these K-functionals. We first prove the result for B = C (Rd) .

Theorem 4.1. For f € C(Rd)
(4.1) O(f ) Oy < CK(S 1 )i, -

Remark. For the sake of Theorem 4.1 the infimum in the definition of K (see
(1.4)) is on all g such that Ag exists in the strong sense and is in C(Rd).
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However. as we will see later, existence can be taken in the weak (Sobolev)
sense or weak* sense and in Loo(Rd) with no effect on (4.1).

Proof. From the definition of K(f, ) c(
C (Rd) exists satisfying

rYy 1t follows that a function g, €

(4.2) If = &l < 2K(f, 1),

and

(43) Cllag lly < 2K(f, £,

for B=C (Rd) where Ag, is the strong derivative in C(Rd). Obviously,
(4.4) o(f, t)g<O(f -8, 1)+, 1)

for B=C (Rd) as well as for other B. For any g, satisfying (4.2) we have
(4.5) o(f -8, 1), <4dllf - g, <8RS, 1),

To estimate w(g,, t) c(ri) We use the result of [3, p. 112] and write

)

d)(g;’ t)C(Rd) < oi?,g,llAhg’“C(Rd)

(4.6) A )
<t sup ||h A g o < Mt||Ag AR
o0 1By ey < MEIAZ e

which concludes the proof of our theorem. O
We can now deduce the lower estimate, for other spaces B, of K f, t2) g as
well as of K (f, tz)B.

Theorem 4.2. Suppose f € B, translation on B are isometries and the expres-
sions K(f, tz)B and &(f,t)y are given by (1.4) and (1.5) respectively. Then
for a Banach space for which translations are strongly continuous

. = 2
(4.8) Of, 0)p < AK(Sf, 1)

and for a Banach space B, B C ', for which translations are weakly continuous
and @ dense in B* or weakly* continuous and & dense in X (X" = B)

. = 2
(4.9) o(f,t)g <AK (f, 1)y
Ijroof . We follow the proof of Theorem 4.1. From the definitions of K and
K, we have a function g, satisfying

= = 2
If —glly <2R(f, ), or |If-gls<2K.(f, 1),
and

2 = 2 = 2
rllAg )l < 2K(f, 1) or  |lAgllg < 2K,(f, ).

This implies (4.5) for the first step in the proof of (4.8) or with I?*( f, I )p TE-
placing K f, t2) p for the corresponding step in the proof of (4.9). To continue
with the proof of (4.8) we write

G(x)=(g(-+x),9(), @€B, |pllzg <1,
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and therefore, AG, exists in the sense of strong derivatives in C (Rd) and it
satisfies

”AGz”C(Rd) < ”Agt”B .
This implies for 0 < A <t

~ 2 2
18,6l ety < MPIAG, | ey < ME1A, 5
with M that is independent of ¢ or ¢ . Therefore, for 0 < h <t
~ 2 2z 2
18,8/l < ME||Ag |l S2MEK(S, 1)y,

which completes the proof of (4.8).
To continue with the proof of (4.9) we define again

G,(x) = (g (- +x), 0())

with ¢ € B* when translations are weakly continuous and & is dense in B"
and with ¢ € X when translations are weakly* continuous on B = X* and 9
is dense in X . We now complete the proof of (4.9) following the steps used
earlier for the proof of (4.8). O

5. REMARKS

Remark 5.1. We obtain the K-functional K**(f, ) p by replacing S of

K(f, ) 5 by 8™ where ™ is the collection of all the functions g for which
Ag exists in the weak or weak* sense and B is such that translations are weakly
or weakly* continuous respectively. This K-functional is also equivalent to

a(f, g
Remark 5.2. 1f for Lp(Rd) , 1 <p < o0, we define S by

S = {g € Lp(Rd); aa—ug(x +he) e AC., and Ag € Lp(Rd)} ,

the corresponding K-functional, K (f, t2)p , is equivalent to @(f, 1),

Remark 5.3. From the above results agd those in egrlier section§ we see that for
some spaces the K-functionals K(f, 12) , K.(f, t2) , K, (f, t2) and

1?"*( f, t2) are defined and are equivalent. In fact in Lp(Rd) and in other
situations they are equal.

Remark 5.4. The K-functionals K(f, t2) p and I?*( . p are independent of
the orthogonal system {e,}, and therefore, so is the corresponding &(f, 1), .

Remark 5.5. For 1 < p < oc one usually investigates the K-functional

y

52
Bxiaxj §

2 . 2
K,(f, 1), = ;gg (Ilf—gll +1 Z;
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where A is the class for which 82g/8xi8xj € L, (and the derivatives are

taken in the Sobolev sense). For 1 < p < o0, I?(f, tz)p and K,(f, tz)p are

equivalent as
2

4
Bx,.c’)xj

< C(p)llagll, (forl<p<oo).
p
Remark 5.6. For p = 00 and p = 1, K,(f, tz)p is no longer equivalent to

K f, lz)p; otherwise the inequality

axayH < CllAf,,

which is valid only for 1 < p < oo, would be valid for p =1 and p = © as
well, and this is not true. For p =00 an example can be given that shows that
K,(f, t2)c>o is not equivalent to K(f, t2)c>o (see for instance [2]).

Remark 5.7. In the next section we will compare Besov space induced by

K(f, 1) p and K,(f, 1) p and find them equivalent, and hence only classes
of functions with optimal or near optimal behaviour are different.

6. BESOV TYPE SPACES

For a given K-functional the related Besov space is given by its norm

1 1/q
IlfIIB;={/O (t°K(f, t))"ﬂ} , 1<g<oo.

t
1/, = supt™"K(f, 0).

Generally, an additional index p is given to indicate that the K functional
is between the space Lp and a subspace of Lp. However, we allow here a
general class of spaces B rather than L, to be the underlying space for our
K-functional. N

We define the spaces B;’ and F; as the Besov spaces introduced by (6.1)

with the K-functionals K(f, 12) p and K,(f, t2) p Tespectively.
We can now state and prove the following equivalence theorem.

(6.1)

Theorem 6.1. For 1 < g < oc and 0 < a < 2 the spaces EZ and F; are
equivalent.
Proof. For a <2, FZ is clearly equivalent to B" given by

ﬁu”w*% 1)) 1<g<oc,
(6.2) Ifllg- = { g, }
e sup ¢ " Mr, Dgs g =oc,
where
2d

2d
(fs 1)3 = Ssup ”Ahe f”B
0<h<t
eES
as it is valid also for any integer r replacing 2d in (6.2).
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Using Theorem 2.2, it follows that
(6.3) o’ (f, 1), < CR(f, d*1)

since the direction e; given in that theorem is immaterial because the Laplacian
can be expressed in different coordinates. Therefore,

(6.4 1/l < Cllflig: < Cillfllze < Colflge - ©

7. ON AN A PRIORI ESTIMATE

A priori estimates are discussed in many articles (see for instance [4]) and
we would like to note that the present result makes a small contribution in this
direction.

Theorem 7.1. Suppose B is a Banach space for which translations are isometries
on R, and Bc 9’ (where 2’ is the space of distributions) translations are
strongly continuous on B and & is dense in the dual to B or in the predual
of B. Then Af exists in @' and Af € Lip(e, B), 0 < a < 1, implies
f€eLip*2+a, B).

Remark 7.2. There are other analogues of Theorem 7.1, but I believe the present
form will be of use. The condition 0 < a < 1 in Theorem 7.1 can be replaced
by any B > 0 such that [8] # f. Recall that g € Lip* (8, B) means

(7.1) A, gll < MRP forr> B.
Proof. We can write
A7, Al = 14,01z < Ch®.

Using [3], we have
—2~
In "A,gll < M|Agll,

and therefore,
-2
In “A,84 SN < 114, AS]l-
Using Theorem 2.2, we have

d
2d <
14 Ay S < C D 11A 4, Al
j=1
2

d
< Ch° YNGR TR 4, 1

j=1
2 =275
< Gyh sup lln "A,8,. S

< C2h2+a ,

which concludes the proof of our theorem. O
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